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In this paper we discuss matter inheritance coUineations by giving 
a complete classification of spherically symmetric static spacetimes 
. by their matter inheritance symmetries. It is shown that when the 

Q I energy-momentum tensor is degenerate, most of the cases yield infi- 

nite dimensional matter inheriting symmetries. It is worth mentioning 
■ here that two cases provide finite dimensional matter inheriting vec- 

tors even for the degenerate case. The non-degenerate case provides 
finite dimensional matter inheriting symmetries. We obtain different 
^ ■ constraints on the energy-momentum tensor in each case. It is inter- 

esting to note that if the inheriting factor vanishes, matter inheriting 
coUineations reduce to be matter coUineations already available in the 
literature. This idea of matter inheritance coUineations turn out to 
be the same as homotheties and conformal Killing vectors are for the 
metric tensor. 
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1 Introduction 



Let (M, g) be a spacetime, where M is a smooth, connected, Hausdorff four- 
dimensional manifold and g is smooth Lorentzian metric of signature (H ) 

defined on M. The manifold M and the metric g are assumed smooth (C°°). 
We shall use the usual component notation in local charts, and a covariant 
derivative with respect to the symmetric connection F associated with the 
metric g will be denoted by a semicolon and a partial derivative by a comma. 
A smooth vector field ^ is said to generate a Matter inheritance coUineation 
(MIC) [1-2] if it satisfies the following equation 

£^r„6 = ^(x-^jr^b, (1) 

where £ is the Lie derivative operator, ^" is the symmetry or coUineation 
vector. If -i/" = 0, then £(Tab = and ^ is said to preserve a matter symmetry 
[3] on M or is said to generate a matter coUineation (MC). If is a Killing 
vector (KV), then £^Tab = and hence any isometry is also a MC. The 
converse is not true, in general. The MIC Eq.(l) can be written in component 
form as 

Tab,ce + Tac^l + Tcb^':a = ^^^^ («> ^ ^ = 0, 1, 2, 3). (2) 

A recent literature [3-13] shows a significant interest in the study of the 
various symmetries (in particular, Ricci and matter collineations). These 
symmetries arise in the exact solutions of Einstein's field equations 

Rab — -^RQab = Gab = I^Tab, (3) 

where k is the gravitational constant. Gab is the Einstein tensor, Rab is the 
Ricci and Tab is the matter (energy-momentum) tensor. Also, R = g°'^Rab 
is the Ricci scalar. We have assumed here that the cosmological constant 
A = 0. 

There exists a large body of hterature on classification of spacetimes 
according to their isometrics and the groups admitted by them [14-17]. These 
investigations of symmetries played an important role in the classification of 
spacetimes, giving rise to many interesting results with useful applications. 
As curvature and Ricci tensors play a significant role in understanding the 
geometric structure of metrics, the energy-momentum tensor enables us to 
understand the physical structure of spacetimes. 
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Many of the difficulties encountered in studying sucfi symmetries in gen- 
eral relativity are due to the fact that the associated vector fields may consti- 
tute infinite dimensional vector space. Problems of this nature are encoun- 
tered very rear in the study of other symmetries. Unlike in the usual study 
of affine, conformal and projective symmetry where the initial assumption 
that ^ is (C^ for affines) is sufficient to ensure that ^ is smooth (C°°), 
the solution of (2) may be smooth, or C"^ (but not (7™+^) for any M with 
1 < m < oo. Hence the set of solutions of (2), whilst necessarily a vector 
space, is not necessarily a Lie algebra under the usual Lie bracket operation. 
Of course, if ^(i) and ^(2) satisfy (2) then so does [^(1)1^(2)] provided it is C^. 
The set of all smooth MCs on M is, of course, a Lie algebra. 

In a recent paper [11], we have classified spherically symmetric spacetimes 
according to their MCs. A complete classification of static plane symmetric 
and cylindrically symmetric static spacetimes according to their MCs has 
been given in very recent papers [12] and [13] respectively. Some interesting 
consequences turn up. Moreover, Duggal [1-2] has proposed a relationship of 
the Ricci inheritace symmetry with conformal KV. This paper is devoted to 
classify spherically symmetric static spacetimes according to their MI sym- 
metry. The rest of the paper is organized as follows. In the next section, 
we shall write down MIC equations. In section 3, we shall solve these equa- 
tions for different possibilities to obtain MIC. Finally, we shall summarize 
the results in section 4. 



The non- vanishing components of the energy-momentum tensor Tab are 



2 Matter Inheritance Equations 



The most general spherically symmetric static metric is given as 



(4) 



To = 




T3 = Tssin^e. 



(5) 
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We can write MIC Eqs.(2) in the expanded form as follows 



To,,e + 2ToCl = ^PTo, 



(7) 
(8) 
(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(15) 



(6) 



T2,ie' + 2T2 cot 9^'' + 2T^i% = ^7^2. 



For the sake of simplicity, we are using the notation T^a — T^. 

3 Matter Inheritance Symmetries 

In this section, we solve the MIC equations given by Eq.(6)-(15) for different 
situations to find MIC. 

From Eq.(14), we have the following two possibilities: 



It is to be noted that the case (1) corresponds to degenerate case while in 
the case (2), some of the subcases will lead to non-degenerate case. 

Case (1): When we use constraint of this case in MIC equations, we get 



(1) r2 = 0, g + eJsin'MO, 

(2) T2^0, e,3 + ef2sm^^ = 0. 



(16) 
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Subcase l(ai): The subcase l(ai) yields further two possibihties: 

(61) To = 0, 

(62) To^o, eo=o = e°3 = Ci- 

The first possibiUty lai(&i) gives arbitrary MI vectors while the second pos- 
sibility 101(62) leads to a contradiction. 

Subcase 1(02): When we solve MIC equations for the subcase 1(02), we 
obtain the following two options 

(61) To = 0, e°2^0^e°3, 

(62) To^O, i% = Q = i%. 

In the first case 102(61), i.e., To = 0, 7^ 7^ equations yield the 

following solution 

= i\x''), / = 0,2,3, 
e = ^^i^l^idr + k), (17) 

where k is an integration constant. 

For the option 102(62), simultaneous solution of MIC equations gives the 
following constraint 

^^k^^{-^y (18) 

where B is an arbitrary integration function of t and A; is a separation con- 
stant. B q and B are the same notations and represent derivative with respect 
to time. This gives us three more possibilities according to 

(ci) A;>0, (C2) k = 0, (C3) A;<0. 

In the first case 10262(01), we obtain the following solution 

^ 2 4:ToVT\J ^ 

T' 

" [kcot + ci cosh Vkt — C2 sinh Vkt] + C3, 



2Tok^/Ti 



Tidr 



+ — ^ [co + ci cosh Vkt + C2 sinh v^t] + C3 , 



(19) 



where 



T' 



To MToVTY-/ V ^ ^ "71^ 



4rr 



For the case 10262 (C2), Eq.(18) yields 



/71 



i^(t) = A;i^ + M + A;3, 



(20) 



where m is an arbitrary constant which gives further three options according 
to 

(di) m > 0, {d2) m = 0, (ds) m < 0. 

The possibiUties la2b2C2{di) and la262C2(c?3) lead to contradiction. The pos- 
sibility la2b2C2{d2) gives the following MI vectors 



Tidr + 



e = eV), J = 2, 3. 



/IT 



(21) 



The case 10262 (ca) gives the similar results as the case lo26i(ci). We see 
that all the possibihties of the case 1 yield infinite dimensional MIC as it is 
expected for the degenerate energy-momentum tensor. 

Case 2: Solving MIC Eqs.(ll), (12), (16) and (17) simultaneously, we obtain 

Ti(e,23-cot^^y = 0, (22) 
From here, it follows that either 

(ai) Ti = 0, e,23-e,3cot^^^o, 

or (02) Ti^O, e,23-C3Cot^ = 0. 



Subcase 2(ai): In this case, it is obvious from MIC Eq.(7) that we have the 
following two possibilities: 

(61) ro = o, e,l7^o, 

(62) To^O, e°i = 0. 

When we consider the case 2ai(6i), we obtain the following solution 

C = CiOA), 1,2,3. (23) 

For the case 201(62), when we solve MIC equations, we arrive at the following 
result 

which yields the following two options 

(ci) (^)' = 0, i%^0, 

J-2 

ic2) (P)V0, ^2 = 0- 

In the case 20162 (ci), solution of MIC equations gives the following MI vectors 

C(o) = dt, 

^(1) = sin (j)dg + cot 6 cos 
^(2) = cos (pdg — cot 9 sin 
C(3) = d^, 

2To 

C(5) — A;i(cos t(9t + — - sin tdr) sin 9 sin ( 



cos 9 sin 0(96) + CSC 9 cos 09^) cos i, 
2,T 

:i (sin i5t — — cos tdr) sin ^ sin 
cos 6* sin (pdg + esc 6* cos (pdik) sin t, 
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2To 

C(7) — (cos tdt + sin tdr) sin 9 cos 

^0 

— (cos 6 cos 0(90 + CSC 9 sin 09^) cos t, 

IT 

C(8) = ki (sin t5t — — cos tdr) sin ^ cos (j) 

— {cos9cos(j)d0 + csc9sm(f)d^)smt, 

IT 

C(9) — klicos tdt + -=;j-sirL tdr) COS 9 + cost sm. 9 80, 
IT 

C(io) — fci(sin tdt — 7f;r "^^^ ^^r) cos ^ + sin t sin 9de. (24) 

Thus we obtain eleven independent MI vectors in this degenerate case in 
which four are the usual isometries of the spherically symmetric spacetime. 
The case 20162(02) yields the following five independent MIC 

^(1) ~ sin (f)d0 + cot 9 cos 

^(2) ~ cos (t)de — cot 9 sin 

^(3) = d^, 

^(4) = i^^dr. (25) 

where T!^ ^ 0, T2 = kiT^' , ki ^ 0, k2 ^ 0, 1. Thus we obtain finite dimen- 
sional MICs in another degenerate case. 

Subcase 2(02): When we solve MIC Eqs.(8), (9), (14) and (20) together 
with the constraint of this case, we have 

ro(e°23-cot<3) = 0, (26) 

Prom this equation, we further have the following two possibilities: 

(M To = 0, e,23-e,3COtM0, 
(62) To^O, C23-C,3COt^? = 0. 

For the case 202(61), when we solve MIC equations simultaneously for these 
constraints, we obtain the following solution 



C(0) = f (^")5t, 



^(1) = sin (f)d0 + cot 9 cos (t)d^, 
C(2) — cos (i)de — cot 9 sin 09^, 

C(3) = 5,^, 



2 



2y/T2 1 1 

^(5) = sin ^ sin H — = cos ^ sin <j)de H — ^ esc 9 cos 



2 V-'2 V-^2 

1 1 

^(6) = sin ^ cos H — = cos 9 cos ^S^i H — -= esc ^ sin , 

22 \/-i2 V-?2 

C(7) = cos - ^= sin 9d0, (27) 

-'2 V -^2 

where 4T1T2 = r2^. This gives infinite dimensional MICs. 

The case 202(62), i-c, To 7^ 0, ^23 ~ ^.scot^ = turns out to be non- 
degenerate. When we use these constraints in the MIC Eqs.(6)-(15) and solve 
them simultaneously, after some tedious algebra, we arrive at the following 
solution 

T 

^° = --^[(iisin0- i2cos0)sin^ + i3cos6'] +^4, (28) 

Tq 

T 

= - [(^'1 sin (f) - A'2 cos 0) sin 9 + A'3 cos 9\+A^, (29) 
Ti 

= [Ai sin (j) — A2 cos 0) cos 6* + As sin 6* + ci sin — C2 cos 0, (30) 

= (^41 cos + A2 sin (;/!»)cosec^ + (ci cos + C2 sin 0) cot 9 + cq, (31) 

where cq, Ci and C2 are arbitrary constants and = Af^(t, r), /i = 1, 2, 3, 4, 5 
are arbitrary functions. Here dot and prime indicate the differentiation with 
respect to time and r coordinate respectively. When we substitute these val- 
ues of in MIC Eqs.(6)-(15), we obtain the following differential constraints 
on Ai, with cq = 0. These ^" are satisfied subject to the following differential 
constraints on 

2T,A + To,iA',^0, 1,2,3, (32) 
2ToA^ + To,iA5 = iPTo, (33) 

2T2i', + To(^) A = 0, (34) 



ToA; + Tiis = 0, (35) 
|ti,i^ + 2Ti (^y| A, + 2T,Xl = 0, (36) 

ri,iA5 + 2TiA'5 = V'ri, (37) 

^2,1^^ + 2ri A = 0, co = 0, (38) 
T2,iA^ = ^^2. (39) 

Now the problem of working out MICs for all possibilities of Aj,A4, A5 is 
reduced to solving the set of Eqs.(28)-(31) subject to the above constraints. 
We start the classification of MICs by considering the constraint Eq.(39). It 
follows that is a function of coordinate r only and 

i- - (40) 

J-2 

When we use this value in Eqs.(33), (35) and (37) and solve simultaneously, 
we obtain 

where k is an integration constant. When we differentiate this equation with 
respect to time, we have 

ToT^ - T'^T2 = mTo^/T\T2, (42) 
where m is an arbitrary constant which can be zero or non-zero. 

(ci) m = 0, (C2) m 7^ 0. 
The case 20262(01) gives 

A = (^ + M)-a, /^dr + Q. (43) 



2 ' ' J U 
Now if we use Eqs.(38), (40) and (41), we finally obtain the following MIC 

C(o) = dt, 

^(1) = sin (f)do + cot 9 cos 09^, 
C(2) — cos (j)d0 — cot 9 sin (f)d^, 
^(3) = d^, 

^(4) = V^^ (44) 
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which gives five MI vectors. 

For the case 20262 (C2) when m 7^ 0, we use Eqs.(32), (41) and (42) to 
obtain 

Hi) 



2T2^ 



(45) 



where is a separation constant which yields the following three different 
possibilities: 

{di) ai > 0, ((^2) ai = 0, (ds) ai < 0. 

In the case 2a2b2C2{di), i.e., ai > 0, when we solve Eqs.(32), (34), (36) and 
(38), we obtain 



.2^^+^(-)'](l/-)' + 



To 



It 1 

— )"[{ai sinh ^/ait + hi cosh ^/oLit ] = (46) 

T2 ^fOLi 



It follows from the above equation that either 



T[ , T^,T2^„, [T, 



(ei) [T^ + ^(^)'](J^)' + (J^)" = 0; ai^O^bi, 



On// 



'2T^ Ts^Ti 



«r (e2) + 



To 



+ 



^ 0; Oj = = 6j 



However, both the above cases 2a2&2C2C?i(ei) and 2a262C2(^i(e2) give contra- 
diction and hence can be excluded. 

In the case 2a2&2C2(<i2), i-e., = when we use constraint equations, we 
obtain the following MIC 



C(o) = dt, 

^(1) = sin (f)dg + cot 9 cos < 
C(2) — cos (pdg — cot 9 sin (pdff,, 

C(3) = d^, 

I— 2^/% 1 
^(4) = Y 32 sin ^ sin (f)dt 7f}~i sin 9 sin 05^ cos 9 sin ^^^t. 



I — 2^/% 1 

^(5) ~ V sin ^ cos (f)dt 7P:/~i ^ "^^^r ^ ' 

^2 V ^2 
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I — 2V7^ 1 1 

^(6) = JT2 COS 6dt ——tcos6dr-\ — y=tsin6d0,-\ — -=tcsc9 cos<pd^, 

T2 yT2 

1 1 

^(7) = sin 9 sin (f)dr -\ — -= cos 9 sin (f)d0 -\ — -= esc 9 cos (j)d(j), 

1-\/T2 1 1 

^(8) = ~~^fi~ ^ ^^'^ ~'~ '^jy' ^ ~'~ \7t^ ^ ^^'^ ' 

C(9) = COS - sin , 



^(10) = ^S^r- 
-^2 



(47) 



which gives eleven MI vectors. 

The case 2a2&2C2(c?3), i.e., ctj < gives similar results as the case 2a2b2C2{di) . 



4 Conclusion 

We know that when the spherically symmetric static spacetimes are clas- 
sified according to their MCs [11], we obtain either four, six, seven or ten 
independent MCs for the non-degenerate energy-momentum tensor. For the 
degenerate case, we obtain infinite dimensional MCs except the two cases 
where the energy-momentum tensor is degenerate but the group of matter 
coUineations is finite-dimensional, i.e. four or ten. 

In this paper, we have classified spherically symmetric spcetimes accord- 
ing to their MICs. We see that for the degenerate energy-momentum tensor, 
most of the cases yield infinite dimensional MICs. The worth mentioning 
cases are those where we have got finite number of MICs even when the 
energy-momentum tensor is zero. We obtain two such different cases having 
either eleven or five independent MICs. In the non-degenerate case, we obtain 
either five or eleven independent MICs. These contain the usual four isome- 
tries of the spherically symmetry and the rest are the proper (non-trivial) 
MICs. It can easily be seen from these cases that if we take the inheriting 
factor 1^ = 0, MICs reduce to MCs. These MCs exactly coincide with those 
already found in the literature [11]. It is mentioned here that MICs coincide 
with RICs [18] but the constraint equations are completely different. We 
conclude that the idea of matter inheritance coUineations turns out to be 
the same as homothctics and conformal Killing vectors for the metric tensor. 
The results are summarized in the form of tables given below. 
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Table 1. MICs for Spherically Symmetric Static Spacetimes 



Cases 


MICs 


Constraints 


laAbi) 


Infinte No. of MICs 


To = 0, C'i + C% sin^ 6* ^ 0, Ti = 0, 

e.2 ^ ^ To = 0, 

^,.2 7^ U 7^ '5,3 7^ '..I 


101(62) 


Contradiction 


T2 = 0, el^ + fsSin^MO, Ti = 0, 
^,'2 7^ ^ To 7^ 0, 

^0=0 = e'lj = e°i 


102(01) 


Innnte iNo. 01 Mlus 


7^2 = 0, Cf3 + Cf2sin^M0, Ti^O, 


10262 (ci) 


Infinte No. of MICs 


^2=0, ef3 + ^,2sm^^7^0, Ti^O, 

^2 = = ^^0 7^0, e°2 = = C3, 

ri(2T(i\/7T) ~ ^' 


la262C2(<ii) 


Contradiction 


To = 0, f ^0 + fl sin^ ^ =^ 0, Ti ^ 0, 

= = ^0 ^ 0, e°2 = = 

^ = 0' 2TnV^ = ^' > 


la2b2C2(d2) 


Infinite No. of MICs 


-'2 - U, 43 + 4 2 sm 6/7^0, i 1 7^ U, 
C2 = = ^,^3, ^0 7^ 0, ^0 = = e°3, 
/c = 0, m = 


1026202(^3) 


Contradiction 


To — n _|_ f 3 „;„2 ^ n T"- f) 
^2 — '53T^?2 ^^'■^ 7^ U, J 1 7= U, 

^2 = = C3, ^0 ^ 0, ^0 = = e°3, 

A; = 0, m < 


2ai(6i) 


Infinite No. of MICs 


2 7^ u, ^^3 ^ ^^2 ^^^^ (7 — u, ^ 1 — u, 

C23-C3cot^7^0, To = 0, e°i7^0, 


20162(01) 


11 


^2^0, e,1i + e'2sin^^ = 0, Ti = 0, 
^^23-^3 cot MO, To 7^0, e°i = 0, 

(l)' = 0, e°2 7^ 


20162(02) 


5 


^27^0, e3 + C2sm^^ = o, ri = o, 

4i3-e!3CotM0, To 7^0, ^1 = 0, 

(f)' 7^ 0. = 


202(61) 


Infinte No. of MICs 


7^2 ^0, 4,| + C'2sin^^ = 0, 

^1^0, C23-C3COt^ = 0, 

7i) = o, e°23-e°3cotMo 
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Cases 



20262(01) 



MICs 



Constraints 

To^O, ^023 -e3COt^ = 0, 



^2^0, e,Ue|sin^^ = 0, 

^17^0, e,'23-C3COt^ = 0, 

To 7^0, e°23-e,3cot^ = 0, 
m 7^ 0, 



20262020?! (ci) 



Contradiction 



2T2VT„T2 
+ |(t)')(. 



a,, ctj > 0, 



f )" = 0, a, 7^ 7^ 6, 



TlT^O, C.23-e,3COt^ = 0, 
^0 7^0, C°23-e°3COt^-0, 

m ^ 0, Qfj > 0, 



2026202(^1(62) 



Contradiction 



^2Ti ~ T2^Ti^ T2) 



+ ( 



/Toy/ 
T2' 



^ 0, Oj = = 6i 



T2 7^ 0, (% + ^%siTi'e = Q, 

m 7^ 0, cij = 



2026202(0^2) 
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7^2 ^0, ^% + C%^in'9 = 0, 

To 7^0, e°23-C3Cot^ = 0, 
m ^ 0, CKj < 



2026202(0^3) 



2026202(0^1) 



It follows from these tables that each case has different constraints on the 
energy-momentum tensor. It would be interesting to solve these constraints 
to ascertain the non-trivial MIC. 
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